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INPUT ADMITTANCE OF A RECTANGULAR
WAVEGUIDE-FED APERTURE ANTENNA RADIATING INTO AN
INHOMOGENEOUS LOSSY DIELECTRIC SLLAB

By Calvin T. Swift
Langley Research Center

SUMMARY

The input admittance of a rectangular waveguide opening onto a perfectly con-
ducting ground plane and covered with an inhomogeneous dielectric slab is formulated as
a boundary-value problem. As a specific application of the solution, a plasma slab is
considered. In the calculations, the plasma is assumed ta be homogeneous except in the
vicinity of the ground plane, where a local boundary layer of electron density occurs.
Two ranges of collision frequencies are selected, and calculations are performed for the
input admittance as a function of peak electron density and boundary-layer thickness.
The numerical results show that a small boundary-layer reduction of electron density
near the ground plane can significantly influence the input admittance of the antenna and
causes a substantial lowering of the voltage reflection coeificient when the plasma is
overdense.

INTRODUCTION

The input admittance of a homogeneous plasma-covered rectangular waveguide-fed
aperture antenna was originally investigated by Galejs (ref. 1) and Villeneuve (ref. 2)
and then by Compton (ref. 3). Although calculations have been available for a number of
years, only recently have attempts been made to confirm experimentally these theoreti-
cal results. Using a Langmuir probe to infer electron density, Taylor (ref. 4) placed a
rectangular waveguide-fed aperture antenna into a shock tube and measured the voltage
reflection coefficient as a function of electron density. Best preliminary data for over-
dense plasmas resulted in a measured reflection coefficient which was significantly
lower than that predicted by homogeneous plasma calculations. Taylor concluded that
the inconsistency was due to a local boundary-layer reduction of electron density at the
ground plane. This conjecture was supported by the results of Meltz, Freyheit, and
Lustig (ref. 5). They had previously observed a discfepancy between theory and experi-
ment and attributed it to the presence of a thin glass wall between the cylindrical gap
antenna and the plasma.



These experimental observations suggested that some provision must be made in
the theory to account for variations of the dielectric constant near the antenna. This is
done herein by considering the plasma as an inhomogeneous dielectric slab. The deriva-
tion of the admittance expression closely follows the method given in reference 3. The
fields are expressed in terms of their Fourier transforms, and the boundary-value
problem is solved by assuming that the aperture field is the dominant waveguide mode.
Parseval's theorem is then used to obtain an admittance expression, consisting of a
double integration over mode space, which must be numerically evaluated. The present
formulation differs from that given in reference 3 in two respects. First, the fields are
developed from single-component electric and magnetic vector potentials (instead of a
two-component magnetic potential) and, second, the Helmholtz equation is numerically
solved by utilizing the plane wave program of Swift and Evans (ref. 6). The numerical
solution is required since the dielectric constant of the slab is assumed to be a compli-
cated continuous function of one of the coordinates.

Calculations are performed for the input admittance as a function of peak electron
- density and boundary-layer thickness for moderate and low values of the collision fre-
quency. It is concluded that a thin boundary layer over the antenna can have a profound:
effect on the admittance and, indeed, reduces the reflection coefficient of the rectangular
aperture covered with an overdense plasma.

The special case of a homogeneous slab over the aperture is considered in the

appendix. The excitation of surface waves in a nonlossy slab is discussed, and the
admittance integrals are tabulated into forms suitable for numerical evaluation.

SYMBOLS
A electric vector potential
F magnetic vector potential
a short dimension of rectangular waveguide
b long dimension of rectangular waveguide
bin input susceptance (normalized with respect to YOl)
c speed of light in free space
E electric field intensity



f frequency

1(8,2),2(B,2) normalized Fourier transforms of vector potentials
in input conductance (normalized with respect to YOI)

s surface-wave conductance (normalized with respect to YOI)
H magnetic field intensity

kg wave number in free space, w\[eouo

kx,ky,kZ Cartesian components of wave number

N complex index of refraction

Ne electron density

Ne,o peak value of electron density

p power

Vo aperture voltage

X.Y¥,Z Cartesian coordinates

Yin input admittance

Yy characteristic admittance of free space, m

Yo1 characteristic admittance of the TEy; mode of the rectangular waveguide,

2

1-{T7_

Yo"~ (k)

transverse electric component of admittance (normalized with respect to
Y01)

TE




B

Pn

20

Ko

transverse magnetic component of admittance (normalized with respect

to Ypi)

input admittance (normalized with respect to Yy 1)

thickness of dielectric slab

attenuation constant of the plasma,

w 2 w 2 2
—k2-1+ (T"p- 5+ 1-—LT°i +
"LoeE L@

polar components of ky /ko and ky/Kg
surface wave pole

voltage reflection coefficient
permittivity

wavelength in free space, c/f
permeability of free space

collision frequency

electric scalar potential

magnetic scalar potential

frequency of propagation

plasma frequency, 27 X 8.97 X 103\/1_21—(;

peak plasma frequency
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Subscripts:

1 in dielectric slab

0 in free space

i imaginary part

T real part

X,¥,2 vector component in direction indicated by subscript
Superscripts:

1 vector component in dielectric slab
II vector component in free space

TE transverse electric

™ transverse magnetic

A double bar over a symbol indicates the double Fourier transform. A prime
denotes the derivative with respect to the z-coordinate. An asterisk denotes complex
conjugate except when used with magnetic potentials,

THEORY

The geometry of the problem is shown in figure 1. A rectangular waveguide,
excited in the dominant TEy; mode, opens onto a perfectly conducting ground plane
which is covered with an inhomogeneous dielectric slab. The dielectric constant of the
slab is assumed to vary continuously in the z-direction for 0 =z =z, (region I), and
air is assumed to fill the remaining half space for z 2 Zo (region II).

It can be shown that the field components in both regions may be constructed from

LI LIl
a set of vector potentials A, and (A’z"/e) , such that
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where a time harmonic variation of the form e~ J®t ig implicit and the vector potentials
in region I satisfy the partial differential equations
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The vector potentials A, and A; are those defined by Stratton (ref. 7). It should be

noted that the scalar potentials ¢ and ¢* are eliminated by the Lorentz conditions

*

. aAZ . *
, ]le-oe(P = —"a? and ]wuo(p =

9z \ €
hence a solution to the potentials is given by (see, for example, ref. 8, p. 145)

2 (A2

The structure is unbounded in the x-y plane;



\

AL ﬁ 6P (i i 2)e (kxx+kyy)dkx iy

(27r) >
(3
A; - 1 11 j(l&x““kyy)
= (2 )2 ﬁﬂ Fo kx, - ) dky dk_z
where
jif sznz
G (g ky,z) = A (kyky)e @

. IO
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The roots of kzII chosen in accordance with the radiation condition at infinity are
O_ e 2_12_ 1 2 2 2 2
= dko kx ky (ko > kx + ky >

II_sife 2 2 2 2 2 2
k, —]\/lg( + kg™ - kg (kO <ky +ky>

(5)

If equations (3) are substituted into equations (1) and the boundary conditions are

applied at z =z, (i.e., continuity of the transforms of Hy, Hy, Ex, and Ey), the

FI(ZO) Gl(zo)

II( ), T , and their derivatives can then be determined. By defining
F Zo G (ZO

1 I
i(z) = F2)  ang g(z) = M, the resultant boundary conditions are

FH(ZO) GH( Zo)
F(%0) el ] )
f(zg) = —p—0t =1  f'(z0) =S| EE_ - ik, 1T
(o) = FI(z0) ° ™ 4zl o) p
- - (6)
g(Z)=GIZO)=1 g'(z):i(}li =ijeI(zo)
o GII(ZO) 0/ " dz _GH(ZOLZ=ZO Z €0 J

where the roots of sz are given by equations (5). Equations (3) also reduce equa-

tions (2) to
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I I
where £(z) = ﬂH_Z_L and g(z) = ﬂHEL
F (zo) G (Zo)
Since equations (6) and (7) are identical in form to the plane-wave expressions
given by Swift and Evans in reference 6, the procedure given therein may be used to

determine g(z), f(z), and their derivatives at any point in the slab as a function of g,
where kozﬁz = kx2 + kyz. The fields in the inhomogeneous slab are therefore functions

only of the mode constants GH( Zo) and FH(ZO) which can be solved by applying the
boundary conditions at z = 0.

If it is assumed that the total aperture field is the same as the incident TEgq
waveguide mode, then the transform pair at the aperture is

EX=%QCOS%Y- (Ey=0;
= sin(k )cos kyb — > (8)
By = 270V, <k_§3 >[i2 T (Fy =0)

From equations (1) and (8), the boundary conditions at z =0 therefore result in
the following relationships:

3\
T =0 =i Fl(z k£(0) - __G_Hﬂ '(0)
y =Y =1 (Zo)kxt jwpgey (0) &
a b 9
I kaH(zo)g'(O) sm( 5 ) cos —— ky & ©)
= =i \F" (20)kyf(0) + ————— = 27bV I
y jwpger(0) (Ex_a> I:w2 - (kyb)z}
2
P
which allows FH(zo) and GII(ZO) to be expressed in terms of Vg, as follows:
x () _eos()
i sin|-5—] cos{—5— 1
Fl(z,) = — Y amv, 2 2/ L (102)
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Therefore, the transforms of all the field components at the aperture plane are known to
within a constant Vg, which is implicit in the transform of Ex. By substituting equa-
tions (10) into equations (1), the transform of Hy at z =0 may be evaluated in terms
of Ex. The resultis

HyI =] YOzExko (k)z fﬁ[k(?g(ﬂ - (é’_) I'kf'f(O}] (11)
(x +ky2) k,/ €0 {&'(0) o/ [kof(0)

The complex conjugate of P at the aperture in terms of the field quantities in
region I is given by

1 1 1
prog I m A ey )2§ B Ty iy (12)
aperture T

where the dual integral representation is a statement of Parseval's theorem (ref. 8,
p. 458).

The complex conjugate of P at the aperture in terms of the fields inside the
waveguide is given by

2
1 Vol a-m (®2 (P2 ouy 1 2(1-1) b
P o1 (T D s dan B Y 3 Y0l (R 09

From continuity of power across the aperture, equations (11) and (12) give

o0
Yin (1-T) _2a_1 | 1 1 = *=1
e - A =——————-§ Ey Hy dkgdk,|  (14)
Yo1 in in in @+1) Db Yo1 Ivolz (277)2 JJ X My X

The substitution of equation (11) and the explicit form of ﬁx, as given by equations (8),
into equation (14), leads to the following expression for the input admittance:
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27| cos sin a_‘ s cos
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2

2!1{ k b S‘ 5‘-217 COS

Yo1/Yy (15)

BV a
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where a transformation to polar coordinates has been made such that ky = kOB cos a

and ky =k,p sin o The values of g(B,0), g'(8,0), £(B,0), and {'(B,0) are provided by
the numerical integration of equations (7), subject to the initial conditions (6). The
admittance has been broken up into TM and TE components to denote that yTM
derived from the potential A, and that yTE is derived from the potential A;/e .
surface waves are excited, it is convenient to study yTM and yTE separately. (See

is

the appendix.)

If the losses within the slab are moderate, the integrands of equations (15) are well
behaved functions and the numerical evaluation of the input admittance is straightforward.
However, if the losses are small, it is possible that the integrands may become large
(or infinite if there is no loss) at discrete values of p. In the limit of zero loss, these
points become poles of order one, and their residues become a measure of the power
which is confined within the slab as surface waves. The discussion of this surface-wave
component is deferred to the appendix.

NUMERICAL PARAMETERS

The differential equations (7) were numerically solved as a function of B by using
the Runge-Kutta method. These numbers were stored on tape and were then used as
input information for the integration of equations (15). Approximately 250 values of §8
were selected in the interval 0 = 8 £6. From the analysis of a similar problem (ref. 9),
it was believed that the termination of the integration at B =6 would yield a susceptance
error of about 1 percent or less. To test this supposition, a numerical check against the
methods described in reference 3 was initiated, and the results are discussed later in
this section. Including the time needed to solve the differential equations (7), each admit-
tance point required approximately 45 minutes of machine time.

10



The plasma-covered antenna was of immediate interest; therefore, the dielectric
constant of the inhomogeneous slab was assumed to be given by

EX e
R ' _“’—] © (16)

+1]

0 1+l:ﬂw—lj|2 1+[ﬂ§1]2

which is based upon a point application of the Lorentz model (ref. 7, pp. 325-327) of wave
interaction with electrons in the plasma. With the dielectric constant defined by equa-
tion (16), the admittance of an aperture covered with a homogeneous plasma was computed
as a function of (wp/w)z 2 0.7 with v/w=0.4 and 2z, =3.5cm. On the basis of an

empirical criterion™ of e—2apzo > 0.1, where o is the attenuation constant, it was
believed that the admittance would be independent of thickness over the computational
range. The criterion was, indeed, satisfied because the slab computations were within
1% percent of the corresponding half-space calculations performed by R. C. Rudduck.2
This agreement was considered to be a satisfactory check of the slab program.

In order to observe the influence of an inhomogeneous plasma slab on the input
admittance of the antenna, the series of electron density profiles shown in figure 2 were
considered. Such profiles are typically produced whenever a plasma flows tangentially
over a flat plate, as illustrated in the inset of figure 2. The variation of the electron
density near the ground plane is due to viscous boundary-layer effects.

With the aperture dimensions fixed at 0.4 X 0.9 inch (inside dimensions of a stan-
dard RG 52/U waveguide) and a fixed propagating frequency of 10.0 GHz, admittance cal-

2 2

w 3

culations were performed as a function of £’0 = 8.97 X 10 Ng o for each of the
. ’

distributions shown in figure 2. In this way, it was possible to Systematically observe

the changes which can occur in the input admittance as a result of changes both in the

peak electron density and the extent of the boundary layer.

The thickness of the slab was again chosen to be 3.5 cm, and calculations were
performed over a range of parameters which satisfied the empirical criterion.

1This criterion was deduced from the inspection of similar calculations (ref. 9)
pertaining to long slots on plasma-covered ground planes.

2The calculations were made in fulfillment of the grant reported in reference 10
but were not included in the final published report.

11



RESULTS

The calculated input admittance for v/w = 0.4 is presented as a function of peak
plasma frequency and boundary-layer thickness in figure 3(a). The curves are labeled
"profile 2a," "profile 2b," and '"profile 2c" to indicate that the computations apply to each
of the three electron density distributions given in figure 2. Figure 3(a) shows that a
substantial reduction of the susceptance can occur as the boundary-layer thickness grows
from zero to a small fraction of a free-space wavelength. At wp’o/w 2 _ 10, for
example, the normalized input susceptance resulting from the homogeneous profile 2a is
-3.37 as opposed to -1.90 from the inhomogeneous profile 2b; yet the half-maximum of
the electron density of profile 2b occurs only §16 Ag from the ground plane. A further,
but less pronounced, decrease of the susceptance is noted as the boundary-layer thick-

ness increases to % Ag (profile 2c).

Figure 3(a) also shows that the conductance is relatively insensitive to the detailed
distribution of the plasma if the boundary-layer thickness is = L Ag Wwhich indicates
that homogeneous slab approximation adequately defines the conductance if the preceding
condition is satisfied.

The voltage reflection coefficient for v/w = 0.4 is given as a function of peak
plasma frequency in figure 3(b). The results show that a definite lowering of the reflec-
tion coefficient occurs as the boundary-layer thickness increases, which is consistent

with Taylor's experiments (ref. 4). It is of further interest to note that the slope

d|r| wp 0\2 ,
) decreases in the region 1= ——’—-) = 10 as the boundary layer grows. The
d(wp,o /w

63
determination of electron density within a given percentage of error therefore requires

a more accurate measurement of lel as the boundary-layer thickness increases. In
d|r|

d(wp,o/w)

the limit as - 0, phase information is required to deduce the electron

2
density.

The collision frequency ratio v/w was reduced to 0.06, and admittance computa-
tions were performed by using profile 2c of figure 2. Calculations were initiated at
(wp,o /w)z = 2.0 where the 3.5—cm_szlab is thick enough to appear as an infinite half space
in accordance with the criterion e %Zo 0.1. The results of these admittance com-
putations are shown in figure 4(a). For reference, homogeneous-half-space calculations
(ref. 10) for v/w = 0.04 are also given.

The behavior of the susceptance is similar to the higher collision resulis of fig-
ure 3(a), which indicates that the susceptance is relatively independent of the collision
frequency. On the other hand, the conductance decreases with a decrease in collision
frequency.

12
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It is interesting to note that a finite standoff distance of the plasma prevenis gj,
from approaching zero when the collision frequency is low. This observation is impor-
tant, since this small increase in g;, is the prime reason for the reduction in the
reflection coefficient shown in figure 4(b). It is also interesting to note that [T’} is
relatively insensitive to changes in electron density when (wp’o /w)z > 1. Itis there-
fore concluded that phase information is required for the determination of electron den-
sity when the collision frequency is low and the plasma is overdense.

Finally, it should be noted that the integrand of yTM was inspected in order to
note any surface-wave excitation. No evidence of surface waves was observed in the
region 1< 8 <6. Itis possible that a surface-wave pole occurs beyond the range of the
numerical integration (i.e., B > 6); however, it is believed that such a surface wave
would be weakly excited. Hence, the observations noted previously are not influenced by
the question of surface waves propagating in the boundary layer.

CONCLUDING REMARKS

The input admittance expression of a rectangular waveguicie—fed aperture antenna
covered with an inhomogeneous plasma slab has been formulated, and numerical results
have shown that a finite boundary layer over the ground plane can significantly influence
the input admittance of the antenna. In particular, a substantial reduction of the induc-
tive susceptance occurs as the plasma becomes more overdense and the boundary-layer
thickness increases from zero to a small fraction of a free-space wavelength. A cor-
responding decrease in the reflection coefficient occurs for a collision frequency ratio
v/w of 0.4.

When the collision frequency ratio is reduced to approximately 0.06, a decrease in
the reflection coefficient is also noted. For this low collision frequency ratio, the
decrease in the reflection coefficient is primarily due to the fact that the boundary layer
prevents the conductance from approaching zero. It is further noted that, when the
plasma is overdense, the reflection coefficient is relatively insensitive to changes in the
peak plasma frequency, and phase information is thereby required for plasma
diagnostics.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., June 12, 1967,
129-01-03-03-23.
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APPENDIX
ADMITTANCE EXPRESSIONS FOR HOMOGENEOUS DIELECTRICS

If the dielectric constant is independent of position, the Helmholtz equation (7) may
be solved to give

R | a1
ik, z -jk,z
f(z) = Ae Z yBe Z
. I (A1)
_ ik, z -ik, z
g(z) = Ce + De
for N2> 0, where
k I
22 \n2 - g2 (v2 > 62
ko (A2a)
= +j\p2 - N2 (Nz < Bz)

and for N2 < 0,
k Mo 5

The unknown coefficients A, B, C, and D in equations (Al) are determined

kog(8,0) and

from the boundary conditions (6) at z = z,, and explicit forms of [

g'(8,0)

[E'_(f%EQOL)jl may then be substituted into the admittance expressions (15) to give
O H

2

Bk b 2 k aB
TM 4] koankobé‘sﬂ 5-11’ cos sm.a s1n cosoz)

2
YOl/YO ObB sin @ J ( cos a)

- N
————13—“’ tan kz \}N2 - g2
\[____

><< il - — cos?a 8 dg da (A3)

Vv - p2jtan kyzo|N2 - 62 + | il i
N2 - 22 J

.
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2
b 2 kOaB
-4] k0 k0 )S\ S\n cos sin a sin 5—Ccos a
Y, 2 k
01/Yo k obB sin a)J ( 0233 cos a) J

1- g2 \

><§ 2 - g2
1-3—_—“32 tan k zO\IN g2

" IN? - 62 J

The input admittance is the sum of the foregoing TE and TM components —
that is,

VNZ - 32 tan kozo\lN2 - 32 +]
$ sin2a g dB da - (A4)

TE ™ (A5)

If the slab is lossy,

2_EIr €L

N-—?’6-+]—€3‘
and

2"1/2

2 5 1€Lr 2 JffLr 22 [fLr

Ne - = =2 - + A= - + |—=

I -5 V2| €0 ’ (Eo g €0
5]1/2

il.2 fLr €1r  9\2 [f1i

+___B - — _J_._‘B o+ | —2=

\2 o €0 €0

and no difficulty is presented in the evaluation of equations (A3) and (A4), other than a
proper root change of \ll - [32, in accordance with equations (5).

If the dielectric slab is nonlossy, the integration over B in equations (A3) and
(A4) should be broken up in accordance with the root conditions in kzI/kO and kzn/ko,
as summarized in tables I and II for the following cases:

Case 1: N2>1
Case 2: 0 < N2 <1
Case 3: N2 <0

15



APPENDIX

It is noted in the tables that poles occur in the integrands of yTE and yTM for

N2 >1 and in the integrand of yTM for N2 <-1. These poles are of order one and
occur at those values of B = 8, Wwhich are the roots of the following transcendental
equations:

TM component:
tan k,z VNZ 2 N_gﬁi (N2 > 1)
N2 - g2
> (A6a)

TE component:

1+ %“2 tan kyzoVN? - g2 = 0 (N2> 1)
- B . J

TM component:

tanh k zo\/ N2| 4 g2 = lzl—L (N2 <-1) (A6b)

Since the integrand is infinite at B = 8p, it follows that the numerical integration
of yTE and yTM ghould be terminated at B, - 6 and commenced again at gy + §,
where 6 is an arbitrary small number. This procedure also necessitates adding a
residue contribution at B = g,. The poles are of order one; hence, the residue of yTM

for N2> 1, for example, is given by

N Bnll + —E tan kozo\/
U 2

ReS<yTM)N2>1 = _ Bn 5;: A(a, Bn)cos a da
4 N2 - g2 VN2 - g2 - N2 VBZ
a5 N4 -8 E:an KgZg N -8 Bz:!

B =Bn
(AT)

where 1 <B, <N, and A(ep) for p=pg, is defined in table I.

From use of equations (A6a), it immediately follows that

NZ“B - tan k \{ltl - = sec k Zo\/N (A8)

™2 - g2

16
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which simplifies the numerator of equation (A7). The derivative of the denominator of

equation (A7) is given by

27
di \? - g2 tan kozo\]N2 2 N2 -1
P N2 - g2

2 2
N2 - g2 2 - gy
2/, 2
2 Ng2-1
2 2 2 N n
- Bnl|kgZo Sec kOZOVN - By + + N2 52 (A9)
n

an' 1

From equations (A6a) the first term on the right-hand side of equation (A9) is, by defini-
tion, zero. Further use of equations (A6a) gives

219 2 2 2
2 N%yB.¢ -1 |[N°- 1)tan kzo\(N© - 8

W1 Noa (a2 g2

It is now easy to show that

2,[;2
d /\N2 - g2ltan kyzo\NZ - g2 - NUBZ - 1

1

= -B,.k.2 secZk z \/N2 - 32 1+ (N2 - 1) §in(2k0zolN2 — Bn2> (A11)
n 0“0 0“0 (Bn2'1> (ZkZ,Nz-Bz)
0%o n

and that the residue is
T -
Res (y M)N2>1

N2 Sloﬂ A(a,ﬁn)cosza do

(x2 - 1) sin(2k0zo\/N2 - By2
(Bn?- 1) (2k0z0\[N2 - ﬁnz)

(A12)

kOZO 14
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Therefore, the pole contribution is

TM) 5 =gIM_ {52 (ob) a
S va zo)|1 + (w2 - 1) 5in (Brgzol - 6,%)
o (an - ) (ZkoZoVN2 - an)

mj Res(y

T 2 2
kOan : : kOaBn
cos\—5— sin sin|—5— cos a 9
X 3 : 5 cos“ada  (A13)
e - (kObBn sin oz) J (kogﬁn cos a)
0

The right-hand side of equation (A13) is a real number, contributing only to the
conductance, and is a measure of the amount of power which remains trapped in the
dielectric sheet as a surface wave.

The onset of a TM surface wave occurs when B=1 and tan kozo\/N2 - [32 is a
positive number, that is, where

m7 = kyzo|NZ - 1 (m=0,1,2, ... (Al4)

The total surface-wave contribution is given by
T™ z ™
= Al5
gq 8s.n (A15)
n

where the sum includes all the poles as determined from equation (A6). The total TM
admittance is therefore given by

1
y™ = fow da cosza[fo A, AT (9B ap
N 0
A d A d ™ A16
+P fl (A F(B) dB + fN (A F3(0)8 B]+}r; gan (A16)

where the explicit functional forms of Fy, Fo9, and Fg are given in table L

The surface-wave conductance for yTE N2>1 and yTM|N2<O is similarly

derived, and explicit forms are given in table III.

If a large number of surface-wave poles exist in the region 1< B <N, Fg9(B)
becomes a rapidly varying function. As a consequence, it may be difficult to evaluate the

18
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APPENDIX

principal part of the integral. If such difficulties are encountered, it would be wise to

convert the integration over the real axis to one along the branch cut, as indicated in
figure 5.3

If the medium is inhomogeneous and nonlossy, one should inspect g'(3,0) and
£(B,0). If they go to zero, a surface wave has been excited, and one should numerically
ko8(Bn0) . £'(Bw0)

compute the values of il an |
& g'(B,O)l ko 4 f(B,0)|
B=Bn

and numerically enter the

residue contribution.

31t should be noted that only the forward wave poles are included when the contour
is closed in the upper half plane. When the contour is closed in the lower half plane, the
backward wave poles must be included. These backward wave poles and the branch line
which appear in the lower half plane are not shown in figure 5.

19
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TABLEL- TM COMPONENT OF ADMITTANCE EXPRESSION

Preferred form for the numerical

evaluation of yTM Fy(8) Fo(B) Fy(8)

Comments

Case 1 ™ jwr g 2 B-l ABIF) 8 ; - - (1) Poles of Fy(8) occur where
ase 1: yiM =  cos® o, 8)F1 oz 23 N
N2>1 0 N 0 Nz(l -l Kyz 2 - 52} Nz[l + N—ﬁ% tan kyz\N? - a‘]’ -NZLI + L\ZE; tanh kyzo\B% - N2 tan kyzo{N - §2 = M‘/_zb:_;
T g2 N - g g% - N | N¢- g
+ 5‘1 AleAF2(Ap o J‘ 3 v[-1—5‘1 (2) Principal parts of the inte-
o UNZ - g% tan kozo\ N - 824 N7Y1 - p& N2 - g2ltan ¥ozo N2 . - NZVQ 82 - N2|tanh k o2 \[BT N2, Nzﬂéz 1 grals which contain  Fy(g)
+5‘N Ao, A F3(p)8 dp l_ N2 - g2 W2 g2 }ﬁz N2 ;mctlh F3(8) ctontribute only
to the susceptance.
Case 2: yTM = jﬂr da coszaB‘N Ala,F1{8)8 d8 zm r 3.3 7 (1) No poles oceur anywhere in
0<N2<1 0 1 0 - __13_ Vl‘ tan kOZ NZ - BJ N2 1-j .N_.Z_};% tanh kOZO\ 52 - NZJ -Nzr + @ tanh “OZO‘ ,32 - N2 the range of integration.
+ fN Ao, 8)Fo(B)8 dp In? - g2 2 - @ - N2 (2) The integral which contains
Iy 2 o 32 ﬁ 3 D) F3(8) contributes only to
+5-°° Ao, B)F3(B)8 dBJ *- e Koo WX :l 6 - ‘:tanh ¥oo o N ) Nz} Ve - Nz'}mh k%o 5 - Nz o 2{] the susceptance.
1 ﬁ B - N
(1) Pole of F3(8) occurs where
1 N2l - 22 24/ 2 3 2
Cased:  yTM =5‘" da cosz{f ApF@pds IN%[1+] %@tm gzl 2]+ ﬁ} (21 - LN_LE;tanh g2olIN?l s+ 7 tann gz olIN + g2 M‘[‘:
¥ <o o 0 N2 ) g WIn2] + 6 i e

|

!,

+§, Moy dﬂ

‘J'Nzl + ﬁzEanh %ZOWE+ j ir:ﬁ?)

w2l ﬂzranh kgzalIN?] 4

| |

(2) The integral which contains
F3(8) contributes only to
the susceptance.

2_‘N21 2_1} ‘ . (|N%|>l)
i+ 42

2" k 028
! a kob cos —sin a Ism ——cos @
Ale,f) =

[ i !koaﬂ )
Sin cos o
Note that [ 2

Yo3/Y LZ kOstmaE L(ﬂcosu

2 2
(k 0P8 )
cos\—5—sin @
=1 for Becos a=0 and =—1—2 for kobﬁsina=1r.

72 - (kobﬂ sin a)z 167

(o]



[—'3

(44

TABLE II.- TE COMPONENT OF ADMITTANCE EXPRESSION

Preferred form for the numerical

F (8 FolB)
evaluation of yTE 1 2

F3(8)

Comments

(1) Poles of Fo(f) occur where

T 1
Case 1t yTE = -S‘ da sinzuB Ale,/)F ()8 dB M
[ & 71 7 W g
N> 1 ;N 0 2 2 tan 2o J N? - ﬁ{ an kyzo\N? - £ - — ‘2 -JB - W2 Lanh KgZole® - N2 + = ‘2} tan k2o - 62 = - =
+\  Alaf)Fo(p)B ap V -8 N2 - g ﬂ -N B2 - 1
1 .
. -y \1 - g2 tan yzo N2 - o 3& -1 tan KyZo [ 2 1a 2 _q tanh ko 62 - N2 (2) Principal parts ofttl.\e ir;e;ﬂ )
Al F d \&2 - \N Vg2 - N2 grals which contain Fy
* XN (@A F3 )8 %l g B and Fg(f) contribute only
to the susceptance.
T [N
Case2:  yTE= -S‘ da sin2a|5‘ Ao, f)F(A)B dB y_ (1) No poles occur anywhere in
0<N2<1 ° 0 Vw2 52 tan kyzo W2 - 62+ § —ZL V&2 w2 cann Kz - 2 4 j Lt = p2 - Wl Kyzo\E? - N2 + % the range of integration.
+ S‘N Alo,B)Fo(A)B dB \‘,__ N2 - g > J'E—*N - (2) The integral which contains
5‘00 1-j \]_Z_Lz tan kz \};2 2 1-j _‘!121; tanh Kz a2 - N2 _E tanh k Zo\jﬁ - N2 Fg(f) contributes only to
+ Ala,f)F3(AB dﬁ} N2 . g g% - N 3 - the susceptance.
1
T 1 1 (1) No poles oceur anywhere i
: E.._ 2 w2 2 . \1-g2 V) f — 1 poles occur anyw! n
Ca;g i-o 5‘0 da sin a[o AlAF (8B B \[n?| 4 g2 {tanh kozo 2]+ g2 g ——\E In?l s B2 |tanh kqZg IN?|+ g% 4 —\]Cl the range of integration,

[Nz] + 8

1 -1% tanh gz N2 + 52
N +82

+§ Mapryo dﬁ}

2T+ g2

—I\,%mnh KozolIN?] + 82
VIN®| + B

{2) The integral which contains
F3(8) contributes only to
the susceptance.
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TABLEIII.- TE AND TM SURFACE-WAVE CONDUCTANCE EXPRESSIONS

Transcendental equation for the

Expression for surface-wave conductance location of the roots fp Comments
Case 1: (1) Thesumon n of gg includes all finite
N2>1 N2 4 roots of the transcendental equation.
Z 5‘ (a,Bn)cos ada N2 2.1
0 tan kyz, &2 _ an - n (2) The onset of a surface wave occurs at thick-

= k z
(kg20) & (Nz ) sin(Zkao\/ﬁz - 8% _ i t
: ) N2 - 3n2 nesses in wavelengths prie 0, ———,
(5!\ - ) (Zkozo\,Nz - an) 1 3 N2 -1
—_ . ...
W21 af2-y

(1) The sumon n of gg includes all finite
roots of the transcendental equation.

2 2
z (N - Py ) S‘ T A (a, Bn)sinza da (2) The onset of a surface waye occurs at thick-
(IEOZOI i ( 2 2) 0 - nesses in wavelengths — = ————o
(N2 - 1) sin|2kgzo\N® - By tan kyzo|N2 - 8,2 = - Eﬁ“ i v N -1
(an-l) (szN—z_an) VB2 - 1 ~3 5 ...
¥o%o J 4\N2 - 1 4yNZ - 1

(3) No zTE surface waves occur for
01
i

TE_

Case3:

. a2 2] 52 2o - 1

N2<o gIM =T | n2] 5"7 A(a,ﬁo)cosza do N2 % pol = |5 Bo
(ko2o) 1_(|N22| 1) sinh<2k0zo\ﬂNZI +8.2)° k2o |IN?| + o |
(Bo i 1) (Zkozov INZI + ,302> .

(1) Only one surface wave pole occurs.

=
™
+
™
o
[

—
2
N
v
-
=




Figure 1.- Rectangular aperture coated with inhomogeneous piasma.
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{a) Input admittance.

Figure 3.,- Admittance and reflection coefficient of rectangular aperture antenna, coated with an inhomogeneous plasma for v/w =0.4.
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Figure 3.- Concluded.
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(a) Input admittance.

Figure 4.- Admittance and reflection coefficient of rectangular aperture antenna coated with an inhomogeneous plasma for
low collision frequency.
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Figure 5.- Contour of integration for the evaluation -of the admittance integrals.
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